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In this work a symmetry of universal nite-size saling funtions under a ertain anisotropi sale
transformation is postulated. This transformation onnets the properties of a nite two-dimensional
system at ritiality with generalized aspet ratio ρ > 1 to a system with ρ < 1. The symmetry
is formulated within a nite-size saling theory, and expressions for several universal amplitude
ratios are derived. The preditions are onrmed within the exatly solvable weakly anisotropi
two-dimensional Ising model and are heked within the two-dimensional dipolar in-plane Ising
model using Monte Carlo simulations. This model shows a strongly anisotropi phase transition
with dierent orrelation length exponents νll 6= ν⊥ parallel and perpendiular to the spin axis.
The theory of universal nite-size saling (UFSS) fun-
tions is a key onept in modern understanding of on-
tinuous phase transitions [1, 2, 3℄. In partiular, it is
known that the UFSS funtions of a retangular two-
dimensional (2D) system of size Lll × L⊥ depend on the
aspet ratio Lll/L⊥ [4℄. For instane, in isotropi systems
the saling funtion at ritiality U¯c of the Binder umu-
lant U = 1 − 13 〈m
4〉/〈m2〉2 [5℄, where 〈mn〉 is the n-th
moment of the order parameter, is known to be a univer-
sal funtion U¯c(Lll/L⊥) for a given boundary ondition.
This quantity has been investigated by several authors
in the isotropi 2D Ising model with periodi boundary
onditions [6, 7℄, while the inuene of other boundary
onditions on U¯c(Lll/L⊥) has reently been studied in
Refs. [8, 9℄.
In weakly anisotropi systems, where the ouplings are
anisotropi (Jll 6= J⊥ in the 2D Ising ase), the orrela-
tion length of the innite system in diretion µ = ll,⊥
beomes anisotropi and sales like ξ
(∞)
µ (t) ∼ ξˆµt
−ν
near
ritiality. (t = (T − Tc)/Tc is the redued temperature
and we assume t > 0 without loss of generality.) This
leads to a orrelation length amplitude ratio ξˆll/ξˆ⊥ dier-
ent from unity. The UFSS funtions then depend on this
ratio, i. e. U¯c = U¯c(Lll/L⊥, ξˆll/ξˆ⊥). However, isotropy an
be restored asymptotially by an anisotropi sale trans-
formation, where all lengths are resaled with the or-
responding orrelation length amplitudes ξˆµ [10, 11, 12℄.
Thus the UFSS funtions depend on Lll/L⊥ and ξˆll/ξˆ⊥
only through the redued aspet ratio (Lll/ξˆll)/(L⊥/ξˆ⊥).
In strongly anisotropi systems both the amplitudes ξˆµ
as well as the orrelation length exponents νµ are dier-
ent and the orrelation length in diretion µ sales like
ξ(∞)µ (t) ∼ ξˆµt
−νµ . (1)
Examples for strongly anisotropi phase transitions are
Lifshitz points [13℄ as present in the anisotropi next
nearest neighbor Ising (ANNNI) model [14, 15, 16℄, or
the non-equilibrium phase transition in the driven lat-
tie gas model [17, 18℄. Furthermore, in dynamial sys-
tems one an identify the lldiretion with time and the
⊥diretion(s) with spae [19℄, whih in most ases give
strongly anisotropi behavior.
Using the same arguments as above we onlude that
UFSS funtions of strongly anisotropi systems depend
on the generalized redued aspet ratio (f. [6℄)
ρ = LllL
−θ
⊥ /rξ, with rξ = ξˆllξˆ
−θ
⊥ (2)
being the generalized orrelation length amplitude ratio,
and with the anisotropy exponent θ = νll/ν⊥ [19℄. Up
to now no attempts have been made to desribe the de-
pendeny of UFSS funtions like U¯c(ρ) on the shape ρ
of strongly anisotropi systems. In partiular, it is not
known if the anisotropy exponent θ an be determined
from U¯c(ρ). This problem is addressed in this work.
Consider a 2D strongly anisotropi nite system with
periodi boundary onditions. When the ritial point
of the innite system is approahed from temperatures
t > 0, the orrelation lengths ξµ in the dierent diretions
µ are limited by the diretion in whih ξ
(∞)
µ from Eq. (1)
reahes the system boundary rst [4℄. For a given volume
N = LllL⊥ we dene an optimal shape L
opt
ll
× Lopt⊥ at
whih both orrelation lengths ξ
(∞)
µ reahes the system
boundary simultaneously, i. e.
Loptµ := ξ
(∞)
µ (t) (3)
for some temperature t > 0 (Fig. 1a). We immediately
nd using Eqs. (1, 2) that the optimal shape obeys ρopt ≡
1 for all N , giving Lopt
ll
= rξ(L
opt
⊥ )
θ
. A system of optimal
shape should show the strongest ritial utuations for a
given volume N as the ritial orrelation volume ξll,cξ⊥,c
spans the whole system.
At the optimal aspet ratio ρ = 1 the orrelations are
limited by both diretions ll and ⊥ (Fig. 1a). If the
system is enlarged by a fator b > 1 in the lldiretion
(Fig. 1b), the orrelation volume may relax into this di-
retion but does not ll the whole system due to the
limitation in ⊥diretion. A similar situation with ex-
hanged roles ours if the system is enlarged by a fa-
tor b > 1 in the ⊥diretion (Fig. 1). We now assume
that systems (b) and () are similar in the saling re-
gion Loptµ → ∞, i. e. that their orrelation volumes are
asymptotially equal.
2ρ = 1 ⊥
Lb opt
⊥L
opt
L ||
opt L ||
opt
⊥L
opt
L ||b
opt
(c)(a)
(b)
ρ =    > 1b
ξ ||,c
⊥ξ ,c
ρ =        < 1b−θ
Figure 1: Three systems with dierent aspet ratio ρ (Eq. (2))
at ritiality. In (a) the ritial orrelation volume ξll,cξ⊥,c
(shaded area) spans the whole system, while in (b) and ()
orrelations are limited by symmetri nite-size eets.
Hene we an formulate a symmetry hypothesis : Con-
sider a system with periodi boundary onditions and
optimal aspet ratio ρ = 1 at the ritial point. If this
system is enlarged by a fator b > 1 in lldiretion, it be-
haves asymptotially the same as if enlarged by the same
fator b in ⊥diretion.
To formulate this hypothesis within a nite-size saling
theory, we onsider a 2D strongly anisotropi system of
size Lll × L⊥ whih fullls the generalized hypersaling
relation 2−α = νll+ν⊥ [6℄. For our purpose it is suient
to fous on the ritial point. The universal nite-size
saling ansatz [1, 2, 3, 4, 6℄ for the singular part of the
free energy density fc = Fs,c/(NkBTc) reads [20℄
fc(Lll, L⊥) ∼
bllb⊥
N
Yc(bll, b⊥) (4)
with the saling variables bµ = λ
νµLµ/ξˆµ, where λ is a
free saling parameter. The saling funtion Yc is uni-
versal for a given boundary ondition, all non-universal
properties are ontained in the metri fators ξˆµ. These
metri fators our due to the usual requirement that
the relevant lengths are Lµ/ξ
(∞)
µ (t) near ritiality, and
annot be absorbed into λ in ontrast to isotropi sys-
tems. For the three systems in Fig. 1 we set λ =
(Loptµ /ξˆµ)
−1/νµ
to get
fc(L
opt
ll
, Lopt⊥ ) ∼
1
N
Yc(1, 1) (5a)
fc(bL
opt
ll
, Lopt⊥ ) ∼
b
N
Yc(b, 1) (5b)
fc(L
opt
ll
, bLopt⊥ ) ∼
b
N
Yc(1, b). (5)
The proposed symmetry hypothesis states that for b > 1
Eqs. (5b) and (5) are asymptotially equal in the saling
region where Loptµ is large,
fc(bL
opt
ll
, Lopt⊥ )
b>1
∼ fc(L
opt
ll
, bLopt⊥ ). (6)
Hene the saling funtion Yc has the simple symmetry
Yc(b, 1)
b>1
= Yc(1, b). (7)
To rewrite Yc as funtion of the generalized aspet ratio
ρ (Eq. (2)) instead of the quantities bµ, we set b⊥ = 1 in
system () and get, as then λ = (bLopt⊥ /ξˆ⊥)
−1/ν⊥
,
fc(L
opt
ll
, bLopt⊥ ) ∼
b−θ
N
Yc(b
−θ, 1). (8)
Eqs. (5) and (8) are idential and we onlude that
bYc(1, b) = b
−θYc(b
−θ, 1). At this point it is onvenient to
dene the saling funtion Y¯c(b) = bYc(b, 1) whih fullls
fc(Lll, L⊥) ∼
1
N
Y¯c(ρ). (9)
For this saling funtion the symmetry reads
Y¯c(ρ)
ρ>1
= Y¯c(ρ
−θ). (10)
We see from Eq. (9) that the ritial free energy density
fc is a universal funtion of the redued aspet ratio ρ =
LllL
−θ
⊥ /rξ without any non-universal prefator, and that
at ritiality all system spei properties are ontained
in the non-universal ratio rξ from Eq. (2).
Ansatz Eq. (4) an also be made for the inverse spin-
spin orrelation length at ritiality [20℄
ξ−1µ,c(Lll, L⊥) ∼
bµ
Lµ
Xµ,c(bll, b⊥). (11)
The proposed symmetry gives Xµ,c(b, 1)
b>1
= Xµ¯,c(1, b),
where µ¯ denotes the diretion perpendiular to µ. Hene
the orrelation volumes ξll,cξ⊥,c of system (b) and () in
Fig. 1 are indeed equal as assumed above and beome
ξll,cξ⊥,c ∼
N
b X
−1
ll,c (b, 1)X
−1
⊥,c(b, 1).
The orrelation length amplitudes Aµξ in ylindrial ge-
ometry (bµ → ∞, bµ¯ = 1), whih an be alulated ex-
atly for many isotropi two-dimensional models within
the theory of onformal invariane [21℄ generalize to the
strongly anisotropi form [3℄
Aµξ = limLµ¯→∞
L
−νµ/νµ¯
µ¯ lim
Lµ→∞
ξµ,c(Lll, L⊥). (12)
Inserting Eq. (11) they beome
Allξ = rξX
−1
ll,c (∞, 1), A
⊥
ξ = r
−1/θ
ξ X
−1
⊥,c(1,∞) (13)
whih shows that in general Aµξ ist not universal. The
symmetry hypothesis states that both limits of the sal-
ing funtion Xµ,c are equal. Denoting this universal limit
Aξ := X
−1
ll,c (∞, 1) = X
−1
⊥,c(1,∞) we obtain A
ll
ξ = rξAξ
and A⊥ξ = r
−1/θ
ξ Aξ as well as the amplitude relations
A1+θξ = A
ll
ξ(A
⊥
ξ )
θ,
Allξ
A⊥ξ
= r
1+1/θ
ξ . (14)
3These preditions an be heked within the exatly
solved weakly anisotropi 2D Ising model with dierent
ouplings Jll and J⊥, where the paramagneti orrela-
tion length reads ξ
(∞)
µ (t) = (log coth(βJµ) − 2βJµ¯)
−1
with β = 1/kBT [22℄. The amplitude ratio rξ at the
ritial point sinh(2βcJll) sinh(2βcJ⊥) = 1 [22℄ beomes
rξ = sinh(2βcJll) [23℄. On the other hand, the inverse or-
relation length amplitudes in ylinder geometry Eq. (12)
has been alulated [24℄ to give Aµξ =
4
pi sinh(2βcJµ),
whih immediately yields Eqs. (13) if we insert the well
known universal value Aξ = 4/π [21, 25℄. The left re-
lation of Eqs. (14) has already been derived for sev-
eral weakly anisotropi models, where it simplies to
A2ξ = A
ll
ξA
⊥
ξ [24, Eq. (7)℄.
To hek the symmetry numerially in strongly an-
isotropi systems, we now fous on the Binder umulant
U . The saling ansatz at ritiality Eq. (4) beomes
Uc(Lll, L⊥) ∼
1
bllb⊥
U˜c(bll, b⊥) = U¯c(ρ) (15)
with the saling funtion U¯c(b) = U˜c(b, 1)/b, and the al-
ulation is ompletely analogous to the free energy ase.
The symmetry hypothesis for the umulant saling fun-
tions U˜c and U¯c thus reads (f. Eqs. (7,10))
U˜c(b, 1)
b>1
= U˜c(1, b), U¯c(ρ)
ρ>1
= U¯c(ρ
−θ). (16)
The generalization of the umulant amplitude AµU [5, 26℄
to strongly anisotropi systems is similar to Eq. (12) and
gives
AµU = limLµ¯→∞
L
−νµ/νµ¯
µ¯ lim
Lµ→∞
LµUc(Lll, L⊥). (17)
Inserting the saling ansatz Eq. (15) we now nd
AllU = rξU˜c(∞, 1), A
⊥
U = r
−1/θ
ξ U˜c(1,∞), (18)
whih again are in general not universal. Using the
symmetry hypothesis we an dene AU := U˜c(∞, 1) =
U˜c(1,∞) and get A
ll
U = rξAU , A
⊥
U = r
−1/θ
ξ AU as well as
the identities (f. Eqs. (14))
A1+θU = A
ll
U (A
⊥
U )
θ,
AllU
A⊥U
= r
1+1/θ
ξ . (19)
The umulant saling funtion U¯c(ρ) must be extremal
at ρ = 1 due to symmetry. Furthermore, as a deviation
from the optimal aspet ratio ρ = 1 redues the umu-
lant, it has a maximum at this point [6℄. A sketh of
U¯c(ρ) for an assumed anisotropy exponent θ = 2 is de-
pited in Fig. 2. For ρ > 1 both U¯c(ρ) and U¯c(ρ
′ = ρ−θ)
ollapse onto a single urve, reeting the proposed sym-
metry. It is obvious from Fig. 2 that U¯c(ρ) (and thus
also Y¯c(ρ) from Eq. (10)) an not be analyti at ρ = 1 in
strongly anisotropi systems, as the two branhes U¯c(ρ)
and U¯c(ρ
′) idential for ρ > 1 fork at ρ = 1 [20℄. On
10-6 10-3 11 103ρ
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U
c
(1)
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_ U
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Figure 2: Sketh of ritial umulant saling funtions U¯c(ρ)
and U¯c(ρ
′) with ρ′ = ρ−θ for assumed anisotropy exponent
θ = 2. We have U¯c(ρ≫1) ∼ AU/ρ and U¯c(ρ≪1) ∼ AUρ
1/θ
.
For ρ > 1 U¯c(ρ) fullls U¯c(ρ) = U¯c(ρ
′).
the other hand, Y¯c(ρ) and U¯c(ρ) an be analyti at ρ = 1
if the anisotropy exponent θ = 1, as in the ase of the
isotropi 2D Ising model [27, Eq. 3.37℄.
To hek the symmetry hypothesis in a strongly
anisotropi system, I performed Monte Carlo simulations
of the two-dimensional dipolar in-plane Ising model [20℄
H = −
J
2
∑
〈ij〉
σiσj +
ω
2
∑
i6=j
(r⊥ij)
2 − 2(rllij)
2
|~rij |5
σiσj (20)
with spin variables σ = ±1, ferromagneti nearest neigh-
bor exhange interation J > 0, and dipole interation
ω > 0. The distane ~rij = (r
ll
ij , r
⊥
ij) between spin σi and
σj is deomposed into ontributions parallel and perpen-
diular to the spin axis. In the simulations the Wol
luster algorithm [28℄ for long range systems proposed by
Luijten and Blöte [29℄ was used, modied to anisotropi
interations. In ontrast to earlier work [30, 31℄ using
renormalization group tehnis it is found that this model
shows a strongly anisotropi phase transition. The de-
tails of the simulations will be published elsewhere [20℄.
After Tc was determined, systems with onstant vol-
ume N = LllL⊥ were simulated, whih was hosen to
have a large number of divisors in order to get many dif-
ferent aspet ratios (e. g. N = 263352 = 43200 has 84
divisors). The resulting ritial umulant Uc(LllL
−θ
⊥ ) for
two dierent volumes N = 4320, 43200 is depited in the
inset of Fig. 3. As expeted, both urves have the same
maximum value U¯c(1) = 0.555(5) at ritiality. With
variation of θ the urves are shifted horizontally and ol-
lapse for θ = 2.1(3), with maximum at rξ = 0.415(40).
To hek the proposed symmetry we fold the left branh
with ρ < 1 (open symbols) to the right and resale the
ρ-axis with θ. The resulting data ollapse for ρ > 1 is
shown in Fig. 3. This ollapse and the additional ondi-
tion that both urves must go to zero as AU/ρ allows a
411 101 102 103ρ
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10-2
10-1
1
_
U
c
(1)
U
c(L
||, 
L ⊥
)
AU / ρ
ρ
ρ′
10-6 10-3 11 103L||L⊥
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1
rξ
10-610-410-21 ρ′ = ρ
−θ
Figure 3: Cumulant Uc(Lll, L⊥) of the dipolar in-plane Ising
model (Eq. (20)) for dipole strength ω/J = 0.1 and system
size N = 43200 at the ritial point kBTc/J = 2.764(1). The
data points ollapse for ρ > 1 if we set θ = 2.1(3) and rξ =
0.415(40), giving the universal amplitudes U¯c(1) = 0.555(5)
and AU = 3.5(2). The inset shows Uc as funtion of the un-
redued generalized aspet ratio LllL
−θ
⊥
for system size N =
43200 (irles) and N = 4320 (triangles).
preise determination of θ and rξ as well as of the uni-
versal amplitude AU = 3.5(2).
In onlusion, I postulate a symmetry of universal
nite-size saling funtions under a ertain anisotropi
sale transformation and generalize the Privman-Fisher
equations [1℄ to strongly anisotropi phase transitions on
retangular latties at ritiality. It turns out that for
a given boundary ondition the only relevant variable is
the generalized redued aspet ratio ρ = LllL
θ
⊥/rξ and
that e. g. the free energy saling funtion Eq. (9) obeys
the symmetry Y¯c(ρ)
ρ>1
= Y¯c(ρ
−θ). At ritiality, the free
energy density fc, the inverse orrelation lengths ξµ,c,
and the Binder umulant Uc are universal funtions of
ρ, without a non-universal prefator. All system spei
properties are ontained in the non-universal orrelation
length amplitude ratio rξ (Eq. (2)).
The generalization to higher dimensions is straightfor-
ward [20℄, an interesting appliation would be the preise
determination of the exponent θ at the Lifshitz point
of the three-dimensional ANNNI model [15, 16℄. An
open question is the validity of the proposed symmetry
in non-equilibrium systems with appropriate boundary
onditions, whih reently have been shown to exhibit
Privman-Fisher universality [3℄.
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